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INTRODUCT ION

The feasibility of using linear accelerometers to determine the anqg-
ular acceleration of a rigld body In planar motion has been demonstrated by
Mertz (1). The kinematic principles Invoived doss not prevent the exten-
slon of this method to a general three-dimensicnal motion. It can be shown
that, in theory, only 5 accelerometers are required to obtaln explicit ex-
pressions of the 3 components of angular acceleration of the body on which
the transducers are mounted. A sixth accelerometer is needed to provide
all three !inear acceleration components for a complete definition of the
kinematics of the rigld body. The difficulties encountered are also des-
cribed and the aécuracy of the measurements made is esflmaféd.
THEORETICAL DEVELOPMENT

The acceleration of a point P on a rigid body is given by:

b=é+g+2xgxx+2x(£xgp.)+ib‘x'ep ()

As shown In Figure |,

acaleration of the body-fixed frame(xyz) with respect fo the
inertial reference frame (XYZ)

acceleration of the polint P relative to the body-fixed frame
angular velocity of the body

angular acceleration of the body

veloclty of the point P relative to the body-fixed frame
distance of the point P from the origin of the body-fixed frame
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In view of the rigid body assumption,

2=0
L= 0
Thus,
b’p=5+£x (gXEP)-Q»ngP (2)
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With reference to the body-fixed frame,

and 2p" pxp“- * pyP:.]- * sz'ls _

where the unit vectors for this frame are |, j, and 5: The components of AP along

“the body-fixed axes are:

=R - - - + -

AxP - Rx * wy(wprP mypxP) wz(mszP “x pZP) waZP wzpyp (3a)
Ap =Ryt fopp = wpp) = wlonn=u op)*ane = uep (3b)
- .2 - - - + % - r
AzP' Rz ¥ mx(wszP wxsz) wy(mysz “2 pyP) “xPyp T “yPxp (3c)

The angular acceleration components about the body-fixed axes can be detérmined
directly If the 5 accelerometers are located at three points in the confiqura-
tion shown In Figure lf At the origin of the body-fixed frane,O; a2 palr of
accelerometers are located such that their sensitive axes are in the direction
of the y- and z-.axes. At point 2, along the x-axls, another pair of accetler-
" ometers is placed In the y- and z- directions. A single accelerometer in the
z-directlon Is located at point | along the y-axis. The sixth accelerometer:

should be directed along the x-axis and can be conveniently placed at the or-

fgin. Thus,
R = Ao and 217 eyl
Ry = A £27 Pyl
i:zz = AzO £0= 0

From Equation 3c, for P = | and 2

LY SV



Aot~ Az ® “y¥2Py1 TPy : ({)
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A22'-,A20 = wxmszz - wy°x2 - (5)

and from Equation 3b, for P = 2

Ay2 - AyO = UxyPx2 ¥ l:’zr"xZ ‘(6) f?
Upon rearrangirg Equations 4, 5, and 6,

b= (A, = Ade | - ww, (7

&y = -(A22 - AZO)/px2 touw, - (8)

= Ay = Ayo)/ Py ™ Wby | (9)

-

I+ can be seen that the anqular acceleraticn components Ir Eguations 7

through 9 require prior knowledge of the angular velocities about these axes.

i+ Is thus necessary to perform a numerical integration of fhese equaticns to

solve for the accelerafions,.assumlng that the |inear acceleraticns are known
(measured) and the distances pyl and P are known to a high degree of accuracy.

This stepwise integration procedure usually results in an accumulation cf error

in the values of w which In furn affects the accuracy of é, Thus, although the -
method is feasible in principle, it is difficult to determine the desired angular
acceleration and velocity accurately as a result of dependence on values calcu-
lated at a previouc time step. To obtain reliable anqular acceleraticn results,
the accuracy of the measured data Is estimated *o be approximately 0.1% of the
peak |inear acceleration. This degree of accuracy s not attainable with existing

sccelerometers which must withstand high linear acceleratlons.
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AN ALTERNATE METHOD E

An alternate method which can clrcumvent the difficultlies encountered

. -’
during numerical Integration is to usenlne |inear accelerometers in the config-

o R ',"- «;?~£
L“mﬁuhﬁﬂﬁﬁéﬂﬁih

uration shown In Fiqure 2. It consists of one set of triaxial acceierometers
and three pairs of biaxial ones. With this arrangement, It Is possible to

obtain three more equations similar to Equations 7 through 9. They are:

e = <Az = Agy/o,s tuw, o
wy = (Ax3 - Axo)/p23 - W an
w, = =Ry = Aeyy * wey 2)

By eliminating the cross products of the anqular velocity components
from Equations 7 through 12, the anqular acceleration can be determined directly
at each time point, without.reliance on values of parameters computed at the

previous time step. The equations for angular acceleration take the form:

G = (A = A)/2o ) = (A g = A 0)/20 s (13)
w, = (A= A/ 2,5 = (A - A2y, (14)
w, = (A = Appl/20,5 = (A = A2 (15)

Simllarly, by eliminating the angular acceleraticn terms from Eauations
7 through 12, the anqular velocity components can be determined from a set of

non-|inear algebraic equations:

wywz = (Azl - AZO)pr' + (Ay3 - Ayo)/ZQ23 <I6)

ww = (Ax3 - AxO)/ZDZS + (Az2 - AZO)/szZ (17
= - - (18)

W (Ayz AYO)/29x2+(AXI AXO)/ZDYI !

VALIDATION OF THE 9-ACCELEROMETER METHOD

To demonstrate that thls method of computing angular acceleration and
velocity Is practical and reliable, It Is necessary to perform a two-step val-
Idation procedure. Firstly, the method must yield consistent and accurate

results when fictitious data representing a2 known motlon are uc<ed. Secondly,
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experimental dafa acqulred from a known rotation of a rigid body should be
used to valldate the method.

A set of flctitious dafavrepresenflng rotation about the y-axis was cre-'
ated to demonstrate the stabillty of the mefhod.- For simplicity, the 'exper-
imentally' measured accelerations were assumed to be sinusoidal functions of

time. Ax3' AzO' and AZ took the form of Aeff), as shown in Figure 3. For

|
a pure rofaflon about the y-axis, It Is necessary that AyO’ AyZ' and Ay3
remain qulescent and ccnvenient to set

Axo = Azz-= Ax' = Ae(f)/Z (19)

Wlfh these Input values, it was found that &x = &Z = 0 and w, = mz': 0
throughout the duratiori of the run and that the only non-zero quantities were
&y and wy. |

In order to demonstrate the stability of this method of sclution, e;rors
were dellberately infroduced into the input data. Feor example, if .

Ay2 = -Ay3 = 0.0SAe(T) . (20)

as shown by the dotted line in Flgure 3, the angular acceleration components
about the y-axis were at least two orders of magnitude larger than those about
t+he other two axes, using the 9-accelerometer approach. This is shown in Fiqure
4, |f only six accelerometers were used, the values about the x and z- axes
very quiékly reached the same order of magnitude as those about the y-axi%.A

If the error was reduced to 0.1%, the 6-accelerometer solution was mar-
ginally stable but the output was worse than the S-accelerometer solution with
a + 5% error.

Validation of this method with experimental data necessitated the acquis-
Itlon of such data, using an experimental set-up shown in Figure 5. [t consists

of a rigid plate mounted on the shaft of a motor. An accelerometer mount was

desléned +o be attached to this pbte in a variety of orientations so that the
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accelerometers could experience a general three—dlmenslonaT motion when the
rigld body executed.a planar rotation. The plate was glven an Inltlal angular
displacement and released. It could elther Impact a stop or osclilate freely
- to yleld the desired data. A valldatlon run was hade with the accelerometer
mount axes Incllined at 45° to the shaft of the rigid body (y-axis). The result
Is encouraging. A plot of the angular acceleration components is shown in Figure
6. Despite the presence of cross-axis sensltivity wﬁlch can be aé high as 5%,
The magnitudes of the three components are approximately the same.

Note that the solution of the non-llnear algebralc equations |6 through
18 is difficult If the measured values on the righthand slde contain errors.
If Inconsistencles in sign or magnitude are encountered, the anqular velocity
is determined by means of an integraton procedure, for that time polnt,
DISCUSSION AND CONCLUSIONS

This paper demonstrates the practical difficulty encountered in the com-
putation of angular acceleration and velocity using data from six linear accel-
erometers. A nlne-accelerometer scheme has been proposed to circumvent the
problem in a simple and straight-forward manner. The cholce of the location
of these accelerometers is the key to the soluticn cof fhis problem., The con-
. figuration shown in Figure 2 is probably the optimal arrangement for the ajqe-
braic de%ermlnafion of angular acceleration and velocity. The method Is stable
and toierates errors as large as 5%. The six-accelerometer approach can only
tolerate errors of 0.1%.

An experimental set-up was used to valldate thlis method. Preliminary
results show that the prqposed nine-accelerometer method Is feasible.  Based
on the experience galned from both the experlimental data and those simulating
rigld body motion, It Is concluded that If a set of nine |inear acceleration
measurements are made accurately, the angular acceleration, velocity and displace-

ment of a rigld body can be computed.
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FIGURE 1. ACCELEROMETER LOCATIONS
FOR THE SIX-ACCELEROMETER SCHEME.

FIGURE 2. ACCELEROMETER LOCATIONS
FOR THE NINE-ACCELEROMETER SCHEME.
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Fig. 5: Experimental set-up used to validate the 9-accelerometer method.
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